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This paper proves a uniqueness result of the following type which has an analogy
in Nevanlinna theory. Let K be a number field and S a finite set of places of K con-
taining the infinite places. Let L1 , ..., L3m+2 be linear forms in m+1 variables with
coefficients in Q which are in general position. Let xn , yn be two infinite sequences
in Pm(K) such that at least one of them is non-degenerate and such that L j (xn ){0,
Lj (yn){0, and Lj (xn )Lj (yn ) is an S-unit for 1 j3m+2. Then there exists an
infinite subsequence [nk ] with xnk=ynk .  2000 Academic Press
1. INTRODUCTION
In Nevanlinna theory, there is a well-known uniqueness theorem due to
Nevanlinna. He showed, in 1926, that any two meromorphic functions
sharing five distinct values must be the same. In 1975, Fujimoto (see [F])
extended this result to holomorphic curves. The result is as follows:
Theorem A. Let f and g be nonconstant holomorphic curves of C into
Pm(C), at least one of which is non-degenerate. Suppose there exist 3m+2
linear forms L1 , ..., L3m+2 in Pm(C) located in a general position such that
Lj ( f )  0, Lj ( g)  0, 1 j3m+2, and Lj ( f )L j ( g) is nonvanishing for
1 j3m+2. Then f#g.
It has been known for some time that Nevanlinna theory and Diophantine
approximation are closely related. The purpose of this paper is to prove the
counterpart of Fujimoto’s result in Diophantine approximation. While
Borel’s lemma was used in Fujimoto’s argument, the method of this paper
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relies on the so-called unit lemma, which is due to Evertse [E] and van der
Poorten and Schlickewei [PS] independently. To state our theorem, we
recall some definitions.
Let Q be the field of rational numbers. Let M(Q)=[] _ [prime
numbers] be the set of places of Q, where | } |=| } | denotes the ordinary
absolute value on Q, and for every prime number p let | } |p denote the
p-adic absolute value on Q with | p|p=1p. For a number field K, we
denote by M(K ) the set of all places of K, by M(K ) the set of infinite
(archimedean) places of K, and by M(K )fin the set of finite (non-
archimedean) places of K. We denote by Qp the completion of Q at p and
by Kv the completion of K at v. For every v # M(K) choose the absolute
value | } | v such that if v lies above p # M(Q) then | } | v is a continuation of
| } |p , i.e., |x| v=|x| p for x # Q. The normalized absolute value & }&v on K is
given by
& }&v=| } | d(v)v ,
where d(v)=[Kv : Qp][K : Q]. These normalized absolute values satisfy
the product formula
‘
v # M(K )
&x&v=1 for x # K*.
As usual, for a number field K and a finite set of places S on K contain-
ing the infinite places, we define
OS=[x # K : &x&v1 for v  S] : the ring of S-integers,
and
OS*=[x # K : &x&v=1 for v  S]: the multiplicative group of S-units.
We also need the following concepts. Given q linear forms Li=ai1X0
+ } } } +aimXm , i=1, ..., q, with coefficients a ij , 1iq, 0 jm, in Q ,
these linear forms are said to be in general position if for any injective map
+: [0, 1, ..., m]  [1, ..., q], L+(0) , ..., L+(m) are linearly independent. A
sequence xn # P
m(K ) is regarded as a map x=[x0 : } } } : xm] : N  Pm(K ).
It is said to be nondegenerate if for any infinite subsequence [nk ] the
restrictions of x0 , ..., xm to [nk] are linearly independent over K.
Main Theorem. Let K be a number field and S a finite set of places of
K containing the infinite places. Let L1 , ..., L3m+2 be linear forms in m+1
variables with coefficients in Q which are in general position. Let xn , yn be
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two infinite sequences in Pm(K ) such that at least one of them is non-
degenerate and such that Lj (xn){0, L j(yn){0, and Lj (xn )Lj (yn ) is an
S-unit for 1 j3m+2. Then there exists an infinite subsequence [nk ] with
xnk=ynk .
2. PROOF OF THE MAIN THEOREM
To prove the theorem, we recall the following unit lemma, due to Evertse
[E] and van der Poorten and Schlickewei [PS] independently.
Unit Lemma. Let K be a number field and S a finite set of places of K
containing the infinite places. Consider
a1x1+ } } } +anxn=1 in x1 , ..., xn # OS*
where the coefficients a1 , ..., an are nonzero elements of K. Then it has only
infinitely many solutions with nonvanishing subsums, i.e.,
:
i # I
a ix i{0 for each non-empty subset I of [1, ..., n].
We now prove the main theorem. Let
Lj=aj0X0+ } } } +ajm Xm , 1 j3m+2.
After extending the number field K, if necessary, we may assume that K
contains the coefficients of Lj , 1 j3m+2. Let xn=[xn0 : } } } : xnm] and
yn=[yn0 : } } } : ynm] be the given two sequences in Pm(K ). Let
hj (n)=Lj (xn )Lj (yn ). (2.1)
Then, by the assumption, hj (n) # OS*. We first prove the follwing claim.
Claim 1. There exists an infinite subsequence [nk] of [n] satisfying the
following property: Let T be any subset of [1, 2, ..., 3m+2] with *T=
2m+2. Then for each I/T with *I=m+1 there exists a set J/T with
*J=m+1, I{J, such that hI (nk )hJ (nk ) is a constant, where hI (nk ) :=
hi0(nk ) } } } him(nk ) for I=[i0 , ..., im ].
To prove this claim we assume without loss of generality that T=
[1, 2, ..., 2m+2]. Write (2.1) as
aj0 xn0+ } } } +ajmxnm=hj (n)(aj0yn0+ } } } +ajmynm), j # T.
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By Cramer’s rule for solving a system of linear equations, we obtain
det(aj0 , ..., ajm , aj0 hj (n), ..., ajmh j (n); j=1, 2, ..., 2m+2)=0.
Then, by the Laplace expansion theorem,
:
J/T, *J=m+1
:JAJhJ (n)=0, (2.2)
where J=[i0 , ..., im ] :J=(&1)m(m+1)2+i0+ } } } +im , and
AJ=det(air , j)0rm, 0 jm det(ai $s , j )0sm, 0 jm ,
for i $0 , ..., i $m # T&J. Since L1 , ..., L3m+2 are in general position, all m+1
vectors [(aj0 , ..., ajm ); 1 j2m+2] are linearly independent. Therefore
AJ{0 for all J $s. Now we fix an index subset I/[1, ..., 2m+2] with
*I=m+1, then (2.2) becomes
:IAIhI (n)+ :
J/T,*J=m+1, J{I
:JAJhJ (n)=0. (2.3)
Putting J*=[m+2, m+3, ..., 2m+2], (2.3) then gives
&
:I
:J*
AI
AJ*
hI (n)
hJ* (n)
& :
J/T, *J=m+1, J{I, J{J*
:J
:J*
AJ
AJ*
hJ (n)
hJ* (n)
=1.
The unit lemma thus implies, by passing to an infinite subsequence,
:IAIhI (nk )+ :
V
J/T, *J=m+1, J{I, J{J*
:JAJhJ (nk )=0, (2.4)
where
:
V
J/T, *J=m+1, J{I, J{J*
:J AJ hJ (nk )
means the sum is taken over the subsets J/T with *J=m+1, J{I,
J{J*. In this way we have eliminated at least one term. After performing
this procedure several times we have that, for an infinite subsequence which
we still denote by [nk ],
:IAI hI (nk )+:JAJhJ (nk )=0, (2.5)
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for some J/[1, ..., 2m+2] with *J=m+1 and J{I. Since the number
of the subsets of [1, 2, ..., 3m+2] is finite, the infinite subsequence [nk ]
can be chosen independently of T, I, and J. This proves Claim 1.
Our next step is to prove the following claim:
Claim 2. There is a subset I0 of [1, 2, ..., 3m+2] with *I0=m+2 and
an infinite subsequence [nk ] such that hi (nk )hj (nk ) is constant for all
i, j # I0 .
To prove Claim 2, we recall that
hj (n)=Lj (xn )L j (yn), 1j3m+2,
and hj (n) # OS*. So hj (n) may be regarded as a map hj : N  OS*, where N
is the set of natural numbers. Let A=[nk ] be the infinite subsequence
obtained in Claim 1 and let F be the set of collection of all maps from A
to OS*. Denote by C a set [ f # F | f (A) is a finite set]. Then F is a multi-
plicative group which contains the subgroup C. The quotient group FC
is then a torsion-free abelian group. We denote by [h] the class in FC
containing h # F. Consider the subgroup G of FC generated by [h1] , ...,
[h3m+2 ] and choose suitable functions b1 , ..., bt # F such that [b1 ] , ...,
[bt ] # FC give a basis of G. Then each h j can be uniquely represented as
hj=cj b
rj 1
1 } } } b
rjt
t , 1 j3m+2, (2.6)
with some cj # C and integers rj{ , 1{t.
To proceed, we need the following combinatorial lemma.
Combinatorial Lemma. Given integers rj{ , 1 j2m+3, 1{t, we
can choose integers ;1 , ..., ;t such that two among the integers
ri :=ri1;1+ } } } +rit;t , 1i2m+3, (2.7)
ri and rj , say, are equal only if the correspondence vectors (r i1 , ..., rit ),
(rj1 , ..., rjt ) are equal.
The above lemma can be proved by induction. In fact, the above lemma
is trivial for the case t=1. Assume that there exist ;1 , ..., ;t&1 with the
property that if ri*=rj* for integers r i* := ri1 ;1+ } } } +r i, t&1;t&1 , then
(ri1 , ..., ri, t&1 )=(r j1 , ..., rj, t&1 ). Then it is easy to show that there are only
finitely many integers ;t such that ;1 , ;2 , ..., ;t do not satisfy the desired
condition. Thus the lemma is proved.
We now prove Claim 2. Let integers rj{ , 1 j2m+3, 1{t, be
given by (2.6) and choose ;1 , ..., ;t as in the Combinatorial Lemma. Define
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rj , 1 j3m+2, by (2.7). Thus if rm+1= } } } =r2m+2 , then rm+1{= } } } =
r2m+2{ , for 1{t. So by (2.6), hi hj # C for i, j # [m+1, ..., 2m+2]. By
passing to an infinite subsequence, if necessary, we have that hi (nk )hj (nk )
is constant. Hence the proof of Claim 2 would be finished if we can show
that rm+1= } } } =r2m+2. To prove this, take T=[1, ..., m+1, 2m+2,
2m+3, ..., 3m+2] which contains 2m+2 elements. Applying Claim 1 with
I=[1, 2, ..., m+1] we have that there is a subset J=[i0 , ..., im ] of T such
that [i0 , ..., im ]{[1, 2, ..., m+1] and
hi0 hi1 } } } him
h1h2 } } } hm+1
# C.
From (2.6) this implies that bl11 } } } b
lt
t =cb
l $1
1 } } } b
l $t
t where l{=r i0 {+ } } } +r im { ,
l ${=r1{+ } } } +rm+1, { , 1{t, and c # C. Since b1 , ..., bt are multi-
plicatively independent, we have l{=l ${ for {=1, 2, ..., t, that is
ri0{+ } } } +rim {=r1{+ } } } +rm+1{ .
Thus,
:
m
s=0
ris= :
m
s=0
:
t
{=1
ris{ ;{= :
m+1
i=1
:
t
{=1
ri{ ;{= :
m+1
i=1
ri .
This simply means that
(ri0&r1)+ } } } +(rim&rm+1 )=0.
Since ri0r1 , ... rimrm+1 , this is possible only when r im=rm+1 . However,
since im2m+2, by (2.8), r imr2m+2 , thus rm+1r2m+2 . Using (2.8)
again we obtain that rm+1= } } } =r2m+2 . This concludes our proof of
Claim 2.
To prove the main theorem, by a suitable change of indices, we assume
that the index set I0 occuring in Claim 2 is [1, 2, ..., m+2]. Thus hj (nk )
h1 (nk ), 2 jm+2, is constant for an infinite subsequence [nk ]. Further-
more, we may assume that the linear forms Lj (1 jm+2) are given by
Lj=Xj&1 , 1 jm+1, Lm+2=X0+ } } } +Xm .
We also assume that xn is nondegenerate. We have h j (nk )h1 (nk )=cj for
1 jm+2, ynk j=cj+1h1(nk ) xnk j , 0 jm+1; and ynk 0+ } } } +ynkm=
cm+2h1 (nk )(xnk 0+ } } } +xnk m) for some cm+2{0. These imply that
(cm+2&c1) xnk 0+ } } } +(cm+2&cm+1 ) xnk m=0.
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By the nondegenerate of xn , we conclude that c1= } } } =cm+1=cm+2 . This
gives the desired conclusion that xnk=ynk . This completes the proof of the
main theorem.
The above argument gives also the following stronger statement:
Theorem 2. Let K be a number field and S a finite set of places of K
containing the infinite places. Let 4 be an infinite index set. Suppose we are
given two sets of points x(*) and y(*) in Pm(K) for * # 4, at least one of
which is nondegenerate. Let L1 , ..., L3m+2 be linear forms in m+1 variables
with coefficients in Q , located in general position. If Lj (x(*)){0
Lj (y(*)){0, and Lj (x(*))Lj (y(*)) is an S-unit for 1 j3m+2 and * # 4,
then there exists an infinite index subset A/4 such that x(*)=y(*) for all
* # A.
If 4 is countable then Theorem 2 follows from Theorem 1. So the main
interest of Theorem 2 is when 4 is uncountable.
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